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Mechanism of kinetic energy transfer in homogeneous bidisperse gas-solid flow 
and its implications for segregation 
Abstract 
Most gas–solid flows encountered in nature and industrial applications are polydisperse, and the 
segregation or mixing of particle classes in polydisperse gas–solid flows is a phenomenon of great 
practical importance. A statistically homogeneous gas–solid flow with a bidisperse distribution (in size or 
density) of particles is a canonical representation of polydisperse flows. A key feature that distinguishes 
the bidisperse flow from its monodisperse counterpart is the exchange of momentum and kinetic energy 
between the particle classes due to collisions, which are important for applications outside the very dilute 
regime. The average exchange of linear momentum between particle classes due to collisions occurs 
through the particle–particle drag term. The conservation equations for average momentum 
corresponding to each particle class can be used to deduce the average slip velocity between the particle 
size and density classes, which is the signature of particle segregation. In this canonical problem, the 
steady value of particle mean slip velocity results from a balance between three terms, each in turn 
involving the body force or the mean fluid pressure gradient, the gas–particle drag, and the 
particle–particle drag. The particle–particle drag depends on the particle velocity fluctuations in each 
class [Louge, M. Y. et al., “The role of particle collisions in pneumatic transport,” J. Fluid Mech. 231, 
345–359 (1991)], thereby coupling the mean and second–moment equations. For monodisperse gas-
solid flows the transfer of kinetic energy from the mean to second-moment equations was explained by 
Subramaniam and co-workers who proposed the conservation of interphase turbulent kinetic energy 
transfer principle [Xu, Y. and Subramaniam, S., “Consistent modeling of interphase turbulent kinetic energy 
transfer in particle-laden turbulent flows,” Phys. Fluids 19(8), 085101 (2007)], and this was subsequently 
verified by particle–resolved direct numerical simulation [Mehrabadi, M. et al., “Pseudo-turbulent gas-
phase velocity fluctuations in homogeneous gas-solid flow: Fixed particle assemblies and freely evolving 
suspensions,” J. Fluid Mech. 770, 210–246 (2015)]. The principle shows that the power supplied to the 
mean flow to maintain the mean slip velocity between solid and gas phases partitions into transfer terms 
that supply power to maintain fluid and particle velocity fluctuations. One question this paper seeks to 
answer is what the role of particle–particle drag is in this transfer process in bidisperse flows, given that 
the particle–particle drag does not appear in the mixture mean momentum conservation equation for the 
solid phase. The conservation equations for mean momentum and kinetic energy in each particle class 
are coupled through interphase and interclass exchange terms. This coupling between the mean 
momentum and kinetic energy equations due to interphase and interclass interactions is explained by 
extending the conservation of interphase turbulent kinetic energy transfer principle originally proposed for 
monodisperse gas-solid flows to bidisperse suspensions. This explains the role of particle–particle drag 
in the partitioning of kinetic energy in velocity fluctuations between particle classes and provides insight 
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Most gas–solid flows encountered in nature and industrial applications are polydisperse, and the segre-
gation or mixing of particle classes in polydisperse gas–solid flows is a phenomenon of great practical
importance. A statistically homogeneous gas–solid flow with a bidisperse distribution (in size or den-
sity) of particles is a canonical representation of polydisperse flows. A key feature that distinguishes the
bidisperse flow from its monodisperse counterpart is the exchange of momentum and kinetic energy
between the particle classes due to collisions, which are important for applications outside the very
dilute regime. The average exchange of linear momentum between particle classes due to collisions
occurs through the particle–particle drag term. The conservation equations for average momentum
corresponding to each particle class can be used to deduce the average slip velocity between the parti-
cle size and density classes, which is the signature of particle segregation. In this canonical problem,
the steady value of particle mean slip velocity results from a balance between three terms, each in turn
involving the body force or the mean fluid pressure gradient, the gas–particle drag, and the particle–
particle drag. The particle–particle drag depends on the particle velocity fluctuations in each class
[Louge, M. Y. et al., “The role of particle collisions in pneumatic transport,” J. Fluid Mech. 231, 345–
359 (1991)], thereby coupling the mean and second–moment equations. For monodisperse gas-solid
flows the transfer of kinetic energy from the mean to second-moment equations was explained by
Subramaniam and co-workers who proposed the conservation of interphase turbulent kinetic energy
transfer principle [Xu, Y. and Subramaniam, S., “Consistent modeling of interphase turbulent kinetic
energy transfer in particle-laden turbulent flows,” Phys. Fluids 19(8), 085101 (2007)], and this was
subsequently verified by particle–resolved direct numerical simulation [Mehrabadi, M. et al., “Pseudo-
turbulent gas-phase velocity fluctuations in homogeneous gas-solid flow: Fixed particle assemblies
and freely evolving suspensions,” J. Fluid Mech. 770, 210–246 (2015)]. The principle shows that the
power supplied to the mean flow to maintain the mean slip velocity between solid and gas phases
partitions into transfer terms that supply power to maintain fluid and particle velocity fluctuations.
One question this paper seeks to answer is what the role of particle–particle drag is in this transfer
process in bidisperse flows, given that the particle–particle drag does not appear in the mixture mean
momentum conservation equation for the solid phase. The conservation equations for mean momen-
tum and kinetic energy in each particle class are coupled through interphase and interclass exchange
terms. This coupling between the mean momentum and kinetic energy equations due to interphase
and interclass interactions is explained by extending the conservation of interphase turbulent kinetic
energy transfer principle originally proposed for monodisperse gas-solid flows to bidisperse suspen-
sions. This explains the role of particle–particle drag in the partitioning of kinetic energy in velocity
fluctuations between particle classes and provides insight into segregation and mixing of particle
classes in industrial devices. Published by AIP Publishing. [http://dx.doi.org/10.1063/1.4974502]
I. INTRODUCTION
Interaction of solid particles with a carrier fluid is very
common in nature and industry. Transport of volcanic ashes
and pollutants in the atmosphere, sandstorms, and sedimenta-
tion of solid grains and organic remnants at the bottom of rivers
and oceans are examples of fluid-solid interaction in nature
a)Current address: Department of Aerospace Engineering, University of
Illinois at Urbana-Champaign, Urbana, IL 61801, USA.
b)Author to whom correspondence should be addressed. Electronic mail:
shankar@iastate.edu
that significantly affect different aspects of human life. This
interaction is also important in industrial processes and
devices, such as chemical reactors where catalyst particles are
used to break down heavy molecules of crude oil into more
useful products. Other applications include fluidized bed burn-
ers where coal particles are burned to produce steam which is
then used to generate electricity, or in pyrolysis of biomass
where organic materials undergo thermochemical conversion
to produce biofuel and syngas. Therefore, understanding the
coupling between the fluid phase and particles in these appli-
cations is very important because this coupling determines the
overall efficiency of these devices and processes.
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In the industrial gas-solid flow applications mentioned
above, the particle diameter varies from dp ∼ 50 µm to
500 µm and the material density ratio ranges from ρ(p)/ρ(f ) ∼
O(100) to O(1000). These distributions may be modeled as
continuous or discrete distributions. Even continuous dis-
tributions of particle size and/or density are often approxi-
mated in Eulerian multifluid representations (Syamlal et al.,
1993) by a summation of discrete distributions, with each
class consisting of a single particle size and consisting of
a single particle size and density. Due to the different gas-
particle and particle-particle interactions experienced by par-
ticle classes, they acquire different velocity distributions with
distinct mean values and variances. These differences give
rise to a mean slip velocity between any two particle classes
that is the key signature of segregation in gas-solid flow
(Nienow et al., 1987; Wu and Baeyens, 1998; Goldschmidt
et al., 2003; Bokkers et al., 2004; Chew et al., 2011; Hoff-
mann et al., 1993; Fan and Fox, 2008; Holloway et al., 2011;
and Norouzi et al., 2012). Prediction of segregation in devices
utilizing polydisperse gas-solid flow is important because this
phenomenon may have a substantial impact on the perfor-
mance of the device. Therefore, understanding the mecha-
nisms that govern this phenomenon is important for prediction
and control of segregation.
Bidisperse gas–solid flow with two particle classes is a
canonical polydisperse flow because the interaction between
the two classes can be studied in isolation from other class
interactions. Furthermore, the interaction between multiple
discrete classes in the Eulerian multifluid representation is
usually modelled as a sum of pairwise binary interactions
(Yin and Sundaresan, 2009b; Holloway et al., 2010; and Yin
and Sundaresan, 2009a) and so the bidisperse problem is the
fundamental building block for such models.
It has been shown that in a homogeneous gas-solid sus-
pension, both gas-particle drag and particle-particle drag con-
tribute to the segregation of particle classes (Mehrabadi et al.,
2016 and Holloway et al., 2011). On the one hand, the appro-
priately weighted difference in gas-particle drag on each par-
ticle class leads to a net mean motion of the class along
the flow direction which is different from the other parti-
cle class(es). The difference between the net mean velocity
of the two particle classes contributes to the relative particle
mass flux that is the signature of particle segregation. On the
other hand, the interaction of particles with flow structures
gives rise to the generation of particle velocity fluctuations
(Tenneti et al., 2016) whose magnitude is given by the particle
granular temperature. If the particle suspension is dense, then
the probability of particle collisions increases with increase of
particle velocity fluctuations. Particle collisions not only redis-
tribute kinetic energy in particle velocity fluctuations from
one particle class to another, but they also affect the mean
momentum transfer between particle classes. This momentum
transfer is called particle-particle drag, which opposes parti-
cle segregation and promotes mixing of particles. As a result,
particle segregation is the outcome of a balance between the
gas-particle drag which enhances separation of particle classes
and the particle-particle drag that enhances mixing of particles.
This implies that the control of segregation is closely tied to
understanding and quantification of these two drag forces. Gas-
particle drag which solely originates from the interaction of
solid particles with the carrier flow has been studied for bidis-
perse and polydisperse gas-solid suspensions (van der Hoef
et al., 2005; Beetstra et al., 2007; Sarkar et al., 2009; Yin and
Sundaresan, 2009b; Holloway et al., 2010; Rong et al., 2014;
and Mehrabadi et al., 2016) and various drag models have been
proposed. Particle-particle drag has also been studied in the
context of the kinetic theory of granular gases in the absence of
interstitial fluid, and closure models have been proposed to rep-
resent this drag as well (Syamlal, 1987; Jenkins and Mancini,
1989; and Gao et al., 2006). Since the level of particle velocity
fluctuations affects the particle-particle drag, a better under-
standing of the mechanism of partitioning of kinetic energy
between the energies in the mean flow and velocity fluctua-
tions leads to a better understanding of particle segregation
and mixing.
The mechanism of kinetic energy transfer between the
fluid phase and solid particles in a homogeneous monodis-
perse gas-solid suspension has been explained by the conser-
vation of interphase turbulent kinetic energy transfer (CITT)
principle (Xu and Subramaniam, 2007) and is validated
by particle-resolved direct numerical simulation (PR-DNS)
(Mehrabadi et al., 2015). This mechanism of energy transfer
is schematically shown in Fig. 1. In a homogeneous monodis-
perse suspension, a body force or mean pressure gradient is
used to provide the driving force for sustaining the mean slip
velocity between fluid and particles in the suspension. This
driving force causes the development of a relative mean motion
or ensemble–averaged mean slip velocity between the two
FIG. 1. Schematic representation of transfer of kinetic energy from the mean flow to velocity fluctuations in the fluid phase and the solid phase due to interphase
interactions in monodisperse gas-solid flow with particles undergoing elastic collisions. The mixture interphase turbulent kinetic energy (TKE) transfer subtracts
energy Π(m) from the mean flow and distributes it between fluid-phase and solid-phase velocity fluctuations through their corresponding interphase transfer
terms, i.e., Π(f ) and Π(p) so that Π(m) = Π(f ) + Π(p). The energy in the system is dissipated by viscous dissipation ε(f ).
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are, respectively, the mean velocity of the solid phase
and the fluid phase (see Appendix C 1 for a definition of mean
quantities). The driving force eventually balances the mean
drag force on particles, and a steady mean slip velocity is
achieved. The power (per unit volume) required to sustain this
mean slip velocity and overcome the drag force on particles is
equal to the product of the mean pressure gradient times the
mean slip velocity. This power supplied to the suspension is
subtracted from the mean flow by the mixture interphase tur-
bulent kinetic energy (TKE) transfer Π(m) = 〈W〉 · 〈∇p〉 and
is then partitioned between the fluid phase and the solid phase
as sources of velocity fluctuations through the fluid-phase and
solid-phase interphase TKE transfer terms, denoted, respec-
tively, byΠ(f ) andΠ(p). The CITT principleΠ(m) = Π(f )+Π(p)
was mathematically proved by Xu and Subramaniam (2007)
on the basis of the kinematic condition that the particle and
fluid velocity are identical at the phase interface for solid par-
ticles in the absence of rotation (frictionless particles). The
energy of the system is finally dissipated through the fluid-
phase viscous dissipation ε(f ) as depicted in Fig. 1. Energy
loss can also occur as a result of inelastic particle collisions,
but it is zero in the case of elastic particle collisions (assumed
for the cases considered in this study). This mechanism also
reveals that the transfer of kinetic energy due to the interphase
interactions is conservative, which is analogous to the transfer
of kinetic energy from the mean flow to velocity fluctuations
through the production term in single-phase turbulent flow.
Although the mechanism of TKE transfer from the mean
flow to velocity fluctuations due to the interphase interac-
tion in homogeneous monodisperse gas-solid flow has been
explained (Xu and Subramaniam, 2007 and Mehrabadi et al.,
2015), this transfer mechanism for bidisperse and polydisperse
suspensions, to the best of our knowledge, is unexplored. In
order to reduce the complexity of our analysis, a bidisperse
gas-solid flow is considered for reasons already noted above.
Also, in order to isolate the role of interphase interactions in
segregation of particle size classes from other effects (such
as the presence of walls, inflow/outflow boundary conditions,
and mean shear rate), we consider a statistically homogeneous
gas-solid flow in which all statistics, in particular the mean
and second moments of velocity, are invariant with respect
to spatial position. We also assume that all particle collisions
are elastic so that there is no energy loss during particle colli-
sions. Extension to the case of inelastic collisions is trivially
accomplished by adding a term corresponding to the dissipa-
tion of kinetic energy due to inelastic collisions. In the analysis,
we also neglect rotational degrees of freedom by assuming
smooth, frictionless spheres. Relaxation of this assumption is
considerably more involved since it affects the simple kine-
matic condition of velocity equality at the fluid–solid interface.
Given that particle rotational effects can be important in real
systems, this does somewhat limit the applicability of these
findings to systems where rotational kinetic energy is neg-
ligible. Nevertheless, even this simplified problem provides
considerable insight into the mechanism of energy transfer
in bidisperse gas–solid flow and it also provides a useful
constraint for verifying the accuracy of energy conservation
in PR–DNS of bidisperse suspensions.
In a statistically homogeneous bidisperse suspension not
only does each particle class experience fluid–particle drag
with respect to the carrier flow, there also exists a particle–
particle drag between the two particle classes. Similarly, not
only does each particle class experience a different mean slip
velocity with respect to the carrier flow, there also exists a mean
slip velocity between the two particle classes. Based on our
findings from the monodisperse suspension, we can expect that
the product of the mean slip velocities between the carrier fluid
and each of particle classes with their corresponding fluid–
particle drag forces will lead to energy transfer from the mean
flow to velocity fluctuations. However, it is not clear what
role the particle–particle drag (and mean slip velocity between
the particle classes) plays in the transfer of the kinetic energy
because the particle–particle drag does not appear in the solid
mixture mean momentum equation.
In the current study, we focus on understanding the rela-
tion between segregation of particle size classes in a statis-
tically bidisperse gas-solid flow to the mechanism of kinetic
energy transfer from the mean flow to velocity fluctuations
as well as from one phase to another due to interphase inter-
actions. Therefore, derivation of the evolution equations for
the kinetic energy of each phase in the suspension from first-
principles is essential. The commonly used stochastic point
process (SPP) and random field (RF) theory approaches are
first introduced in Appendix A, and the conservation equations
are derived in Appendices B and C. We then use these equations
to first introduce the mean momentum equations for a statis-
tically homogeneous gas-solid suspension in Section II and
then extend the conservation of interphase TKE transfer prin-
ciple to bidisperse suspensions in Sections III and IV. These
equations, however, include unclosed terms which depend on
mean and second–moment quantities. We discuss the unclosed
terms in Section V that appear in the transport equations and
their dependencies on mean and second–moment quantities.
Once a set of closure relations is chosen, these equations can
be solved to predict the particle–particle mean slip veloc-
ity, which is an indicator of tendency towards segregation in
statistically inhomogeneous flows. Thus, this extended CITT
principle is a first step towards providing a regime map for
segregation and mixing phenomena for engineering design
and process optimization for a given set of particle proper-
ties and flow parameters. We finally conclude our key findings
in Section VII.
II. CONSERVATION OF MEAN MOMENTUM
For a statistically homogeneous bidisperse flow, the mean
momentum equation for the α-th particle class using the SPP

















where ρ(α) and φ(α) are, respectively, the mass density and
solid-phase volume fraction of particle class α. In the above





is the mean gas-particle drag
force exerted by the fluid phase on particle class α, and
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f(β→α)c
〉
is the mean particle-particle drag force acting on par-
ticle class α as a result of collisions with particles belonging




= 0 due to the conservation
of momentum in collisions between pairs of particles both
belonging to class χ. For statistically homogeneous flow, the
mean momentum equation for particle class α obtained using
the RF approach (cf. Eq. (C9) with zero gravity) is the same
as Eq. (1).
Since the mean slip velocity between particle classes is
indicative of segregation, the two mean particle class veloc-
ities can be linearly transformed into a solid mixture mean































where ρ(sm) = (ρ(α)φ(α) + ρ(β)φ(β))/φ(p) is the solid mixture
density, and φ( p) = φ(α) + φ (β) is the total solid-phase volume
fraction.
The evolution equation of the mean slip velocity between





flow is obtained by subtracting the mean momentum equation































where we have substituted f (α→β)c = −f
( β→α)
c . This equation
clearly indicates that the mean slip velocity between the two
classes is influenced by the mean gas-particle drag on each
particle class as well as the mean particle-particle drag between
the two particle classes. The dependence of particle-particle
drag on the level of kinetic energy in each class (Jenkins and





, necessitates a better understanding
of the mechanisms by which the kinetic energy is transferred
from either the fluid phase to solid particles, and one particle
class to another.
The mean momentum equation corresponding to the solid
mixture is obtained by summing the evolution equations for

























, which reveals that the
particle–particle drag does not appear in this equation because
of the conservation of mean collisional force in the solid
mixture. Therefore, a straightforward extension of the CITT
principle for a monodisperse suspension to a bidisperse sus-
pension where we consider the power supplied by the product
of the mean slip velocity between the fluid and solid mixture
and mean pressure gradient (which at steady state should bal-
ance the drag force between the fluid and solid mixture) does
not explain the role of particle–particle drag in energy transfer.
Clearly a correct extension of CITT to bidisperse gas–
solid suspensions requires a more careful analysis of the kinetic
energy transport equations. Therefore, in Secs. III and IV, we
first present the kinetic energy in the mean flow followed by
the kinetic energy in velocity fluctuations. Then, the coupling
between the two sets of equations is described, and the mech-
anism of transfer of kinetic energy between the phases and
particle classes is explained.
III. TRANSPORT EQUATION OF KINETIC ENERGY
IN THE MEAN FLOW









/2 in the fluid phase and the solid phase for a
homogeneous bidisperse gas-solid suspension with smooth,
frictionless spherical particles undergoing elastic collisions
can be obtained by simplifying Eqs. (C12) and (B20). Here,
superscript χ takes the values f, α, or β representing, respec-





is the mean velocity of phase χ. The simplified





























































Note that the last terms in Eqs. (6) and (7) have been added
to account for the power added by gravitational acceleration













due to the conservation of mean interphase





particle-particle drag from the particle class ψ ∈ (α, β) on








due to the conservation of momentum in colli-




= 0 due to the conser-
vation of momentum transfer in collisions between pairs of
particles belonging to the same class χ.
Now we define the mixture mean energy that is the mass-
weighted sum of the mean kinetic energies in the system,
Ẽ(m) = ρ(f )φ(f )Ē(f ) + ρ(α)φ(α)Ē(α) + ρ(β)φ(β)Ē(β). (8)
The evolution equation for the mixture mean energy is then






































where ρ(m) is the suspension mixture density defined as




is the mixture mean


















ρ(f )φ(f ) + ρ(α)φ(α) + ρ(β)φ(β)
.
(10)
The mean slip velocity is defined as the relative mean
velocity difference between any of the two phases. Therefore,
the mean slip velocity between the fluid phase and particle
class χ as well as the mean slip velocity between the two









W( χ, f )
〉













It is interesting to observe that Eq. (9) can be rewritten in terms

































We will later show that in the above equation,Π(m,α) andΠ(m,β)
are the mixture turbulent kinetic energy (TKE) transfer terms
due to the interphase interactions between the fluid phase and
each of the two particle classes. These terms arise due to hydro-
dynamic interactions in the mixture. Later it is also shown that
the termΘ(m) corresponds to mixture TKE transfer between the
two particle classes originating from the particle-particle inter-
actions. These mixture interphase TKE transfer terms appear
with a negative sign in the mixture mean kinetic energy equa-
tion since the gas-particle and particle-particle drag forces in
Eq. (12) are acting in the direction opposite to their corre-
sponding mean slip velocities. Therefore, the above equation
indicates that the rate of change of mixture mean kinetic energy
is balanced by the energy source from the body forces and the
mixture interphase TKE transfers.
IV. TRANSPORT EQUATION OF KINETIC ENERGY
IN VELOCITY FLUCTUATIONS
Transport equations for the kinetic energy in velocity fluc-
tuations of the gas phase and particle classes are obtained by
simplifying Eqs. (C14) and (B18) which have the following
forms in homogeneous bidisperse flow:





u′′( f )i f
(α→f )
h,i




u′′( f )i f
( β→f )
h,i
〉︸           ︷︷           ︸
Π( β→f )
− 2µ( f )
〈
sijsij


















































〉︸           ︷︷           ︸
Θ( β→β)
, (15)




is the velocity fluctuation with respect
to the mean velocity in the fluid (ζ = f ) or particle class
(ζ = α, β). In Eq. (13), the terms Π( χ→f ) with χ ∈ (α, β)
represent fluid-phase interphase TKE transfers due to inter-
phase interactions with particle class χ, which originates from
the covariance of fluid-phase velocity fluctuations and gas-
particle drag force of class χ at the fluid-particle interface. In
addition, the term ε(f ) is the viscous dissipation (Mehrabadi et
al., 2015) that provides a mechanism for transforming kinetic
energy into thermal energy. In Eqs. (14) and (15), the term
Π(f→χ) with χ ∈ (α, β) is the interphase TKE transfer to par-
ticle class χ due to the interphase interactions with the fluid
phase that arises from the covariance of particle velocity fluctu-
ations in class χ and the corresponding gas-particle drag at the
fluid-particle interface. The termΘ(ψ→χ) is the interclass TKE
transfer to particle class χ ∈ (α, β) due to the interphase inter-
action with particles belonging to classψ ∈ (α, β) withψ , χ.
Similarly, this term arises from the covariance of particle veloc-
ity fluctuations and particle-particle drag at the interparticle
interface. It should be noted that this term implicitly includes
the collisional dissipation arising from interparticle collisions
between different classes, which is zero for elastic particles. In
addition, the termΘ(χ→χ) is the TKE transfer among particles
of the same class χ ∈ (α, β) due to the interphase interac-
tion, which is reconcilable with the collisional dissipation for
colliding particles in the same class χ. For elastic particles
considered in this study, this term is zero, although in general
it has a non-positive value.
Now we can define the mixture energy in the velocity fluc-
tuations as the sum of kinetic energies in velocity fluctuations
of all phases in the mixture weighted by their corresponding
mass densities,
ẽ(m) = ρ(f )φ(f )k(f ) + ρ(α)φ(α)k(α) + ρ(β)φ(β)k(β). (16)
The evolution equation for the mixture energy in velocity fluc-








































− ε(f ). (17)
We can use the kinematic condition at the mutual interface
between the fluid and solid phases to relate the difference
in their velocity fluctuations to the corresponding mean slip
velocity just as in the work of Xu and Subramaniam (2007).
The kinematic condition at each particle surface guarantees
that the instantaneous velocity of the fluid phase and solid
particles at the fluid-solid interface is equal. Satisfying this
kinematic boundary condition is a necessity in PR-DNS of
gas-solid flow since it is the condition that gives rise to the
formation of boundary layer around each solid particle and
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thus determines the drag force on a particle. However, this
kinematic condition is not enforced in other numerical meth-
ods such as point-particle DNS, where the drag force on each
particle is modeled using correlations. Numerical approaches
that do not enforce this kinematic condition may not obey the
conservation principle derived here, and the implications of
this on their predictive capability are yet to be investigated.
Also in the soft-sphere representation, the two particles in
a collision pair share the same instantaneous velocity in their
mutual contact region. It should be noted that this kinematic
condition may not be valid if changes in particle rotational
velocity are important. In such cases, there is a finite tangential
friction coefficient between a pair of colliding particles which
may lead to a non-zero tangential slip between the two parti-
cles as well as change in the particle rotational kinetic energy.
Although particle rotational effects can be important in some
real systems, these results apply to systems where rotational
kinetic energy is negligible. Nevertheless, even neglecting the
rotational effects provides useful insight into the mechanism
of energy transfer in bidisperse gas–solid flow.
We can now use the kinematic conditions to show that
the difference between velocity fluctuations of any of the two
phases is equal to their corresponding mean slip velocity, that
is,




, χ ∈ (α, β),






Substituting the above expressions into Eq. (17) provides







































〉︸             ︷︷             ︸
Θ(β→β)
−ε(f ). (19)
Now it is seen that the mixture interphase TKE transfer terms
associated with fluid-solid interactions Π(m,χ) with χ ∈ (α, β)
are equal to the sum of their corresponding fluid-phase and
solid-phase interphase TKE transfer terms Π(f→χ) and Π(χ→f )
arising from hydrodynamic interactions (cf. Eqs. (13)–(15)).
Also the mixture interphase transfer term associated with
particle-particle interactions Θ(m) is equal to the sum of corre-
sponding particle class interphase transfer terms Θ(β→α) and
Θ(α→β). In other words, the following expressions hold for
interphase interactions in a bidisperse gas-solid flow:
Π(m,α) = Π(α→f ) + Π(f→α),
Π(m,β) = Π(β→f ) + Π(f→β),
Θ(m) = Θ(β→α) + Θ(α→β),
(20)
which means that the transfer of kinetic energy due to inter-
phase interactions in a bidisperse gas-solid flow is indeed con-
servative. This is the mathematical statement of the extended
CITT principle for bidisperse gas–solid flow.
Comparison of the mixture mean kinetic energy equa-
tion in Eq. (12) with those for velocity fluctuations in
Eqs. (13)–(15), and also considering the mean momentum
Equations (C8) and (B13), reveals a complex coupling between
the mean momentum and kinetic energy equations in addi-
tion to the conservation of interphase TKE transfer terms. In
a bidisperse suspension, the driving force ∇p (or gravitational
acceleration) in the suspension leads to the development of





with χ ∈ (α, β). These slip veloc-





on each particle class. Also because of the dif-
ference in the gas-particle drag experienced by each particle




develops in time as well. This relative mean motion between
the two particle classes leads to the particle mass flux which
is the signature of particle segregation. The power required to
overcome the mean drag between the gas phase and any of the
two particle classes is subtracted from the mean flow by the
corresponding mixture interphase TKE transfer termΠ(m,χ) in
Eq. (12) and is fed to velocity fluctuations in the fluid phase
and the corresponding particle class by means of the interphase
transfer terms Π(χ→f ) and Π(f→χ) in Eqs. (13)–(15). Also the
amount of power required to sustain the mean slip velocity
between the two particle classes and overcome the particle-
particle drag is subtracted from the mean flow by the termΘ(m)
in Eq. (12) and then distributed between velocity fluctuations
in the two particle classes through the interphase TKE transfer
terms Θ(β→α) and Θ(α→β) in Eqs. (14) and (15). This transfer
of energy from the mean flow to velocity fluctuations is called
extended conservation of interphase TKE transfer principle
and is schematically shown in Fig. 2. This energy redistribu-
tion leads to an increase of velocity fluctuations in the solid
phase, which in turn increases the probability of particle colli-
sions belonging to different particle classes. This also leads to
the enhancement of the particle-particle drag. This interplay of
the momentum and energy transfer continues until the system
reaches a steady state.
Since the mechanism of transfer of kinetic energy in a
bidisperse gas-solid flow is described by the above extended
conservation of interphase TKE transfer principle, the role of
mean slip velocity between the two particle classes and also
the particle-particle drag in prediction of segregation is clearly
highlighted. The steady mean slip velocities (either between
the fluid phase and any of the particle classes or between the
two particle classes) in a homogeneous bidisperse gas–solid
suspension depend on the choice of physical parameters of the
problem such as particle class volume fractions, diameters, and
densities, as well as flow parameters, such as the body force
or mean pressure gradient. Quantification of these mean slip
velocities over the range of particle properties and flow con-
ditions is important because they affect the transfer of kinetic
energy from the mean flow to velocity fluctuations. It should
also be noted that from the mean momentum equations for a
homogeneous bidisperse suspension, the mean slip velocities
also depend on the gas-particle drag and particle-particle drag
forces (Mehrabadi et al., 2016). Because of the dependence
of the particle-particle drag (and gas–particle drag) on particle
velocity fluctuations, it is important to study the source of
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FIG. 2. Schematic representation of transfer of kinetic energy from the mean flow to velocity fluctuations in the fluid phase and the solid phase due to interphase
interactions and elastic collisions between particles. The mixture interphase TKE transfers required to sustain the mean slip velocity between the fluid phase
and any of the two particle classes and overcome the gas-particle drag forces subtract energy from the mean flow and distribute the energy between the velocity
fluctuations in the fluid phase and particle classes through their corresponding interphase transfer terms. Also the power required to sustain the mean slip
velocity between the two particle classes and overcome the particle-particle drag is subtracted from the mean flow and then distributed between the velocity
fluctuations in the two particle classes through their corresponding interphase transfer terms. The energy in the system is finally dissipated by viscous dissipation
ε(f ).
velocity fluctuations in the dispersed phase, which is explained
by the extended interphase TKE transfer principle. Therefore,
this study is the first step towards providing a regime map for
segregation and mixing of particle classes that can be used
for a parametric study of the magnitude of gas-particle and
particle-particle drag forces, the mean slip velocities, the parti-
cle class kinetic energies, and their corresponding sources with
respect to particle properties and flow parameters. This regime
map will then be useful for the design and optimization of
industrial devices and processes where segregation and mixing
are important. But this requires modeling the unclosed terms
appearing in the conservation equations, which is discussed in
Sec. V.
V. MODELING THE UNCLOSED TERMS
The physical parameters in the homogeneous bidisperse
gas–solid flow are the densities and solid volume fractions
of the solid particle classes, the diameters of the large and
small particles, and the density and viscosity of the fluid phase.
The steady solution to the mean momentum equations (Eq.
(1) for each class coupled with the kinetic energy equations
(Eqs. (13)–(15)) yields the mean particle slip velocity between
particle size classes that indicates the level of segregation for a
particular choice of problem parameters. However, the solution
of these equations requires the specification of closure models
for the following unclosed terms:









exerted on particle class β by the fluid: gas–
particle drag;




exerted on class α by
particles in class β: particle–particle drag;
3. interphase TKE transfer termΠ(α→f ) from class α to fluid
phase, and the interphase TKE transferΠ(β→f ) from class
β to fluid phase;
4. dissipation rate of fluid–phase TKE, ε(f );
5. interphase TKE transfer term Π(f→α) from fluid phase to
class α, and interphase TKE transfer term Π(f→β) from
fluid phase to class β;
6. interclass TKE transfer termΘ(β→α) from class β to class
α, and interclass TKE transfer term Θ(α→β) from class α
to class β;
7. intraclass TKE transfer termsΘ(α→α) andΘ(β→β) arising
from particle collisions in the same class.
For the first set of unclosed terms that are essentially
the gas–particle drag, several models for the steady drag
in bidisperse gas–solid suspensions (Syamlal and O’Brien,
1987; Holloway et al., 2010; Beetstra et al., 2007; Rong
et al., 2014; and Mehrabadi et al., 2016) exist in the liter-
ature and a recent study (Mehrabadi et al., 2016) compares
some of these models to PR–DNS data. Of the models exam-
ined, the MTS model which is based on a correlation fit to
PR–DNS data from bidisperse fixed beds gives the best pre-
diction of drag in freely evolving bidisperse suspensions. How-
ever, from the limited data available in that study, it is difficult
to draw a definitive conclusion regarding which the bidis-
perse drag model is the best one. Only one of these models
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(Holloway et al., 2010) has a dependence on the mean slip
velocity between particle classes and it is currently not known
whether such a dependence is necessary, and what the best
form of such a drag model should be. None of the gas–particle
drag models considered in that study had any dependence on
the particle granular temperature since the computational drag
laws were obtained from fixed particle simulations. Dynamic
drag models obtained from PR–DNS of freely evolving sus-
pensions would represent this dependence more accurately.
The study on bidisperse suspensions also attributed inaccu-
racies in predicting the mean slip velocity between particle
classes to potential deficiencies in the particle–particle drag
model (Mehrabadi et al., 2016).
The second unclosed term is the particle–particle drag. For
this there are a few models proposed in the literature (Syamlal,
1987; Jenkins and Mancini, 1989; Louge et al., 1991; and
Batrak et al., 2005). The Syamlal model has no dependence
on the particle granular temperature and given the evidence
from both analysis and bidisperse granular flow simulations
(Gao et al., 2006), this dependence is indeed important. In
the Simonin model, the collisions between unlike particles
lead to additional source terms accounting for the mean and
fluctuating velocity momentum transfers between classes.
The third and fifth sets of unclosed terms involve inter-
phase TKE transfer. These are simply related in the monodis-
perse case but their relation in the bidisperse case is more
complicated as shown in Eq. (20). Models by Ahmadi (Ahmadi
and Ma, 1990a; 1990b) and Simonin (Simonin, 1996) for
interphase TKE transfer in monodisperse gas–solid flow were
reviewed by Xu and Subramaniam (2007). The Ahmadi and
Simonin models are essentially modifications of single phase
turbulence models. In that work, Xu and Subramaniam (2007)
also proposed an equilibration of energy (EoE) model for
interphase TKE transfer. These models need to be extended
to bidisperse gas–solid flow. At the same time, recent PR–
DNS quantification of the pseudo–turbulent TKE in gas–solid
flow (Xu and Subramaniam, 2010 and Mehrabadi et al., 2015)
indicates that gas phase velocity fluctuations in many gas–
solid flow applications may not obey typical single phase
turbulence scaling because their physical origins are different.
Therefore, new interphase TKE transfer models for bidis-
perse gas-solid flow are needed that account for these recent
findings.
The dissipation rate of gas phase velocity fluctuations ε(f )
is the fourth term in the list of unclosed terms. In monodisperse
gas–solid flow, there are models for this dissipation rate pro-
posed by Ahmadi and Ma (1990b) and Simonin (1996). The
same model of Ahmadi and Ma (1990b) was used by Xu and
Subramaniam (2006).
In the PR–DNS study of initially laminar homogeneous
monodisperse gas–solid flow by Mehrabadi et al. (2015),
although the gas–phase TKE was characterized as a function
of mean slip Reynolds number and average solid volume frac-
tion, the interphase TKE transfer and dissipation terms were
not quantified. However, in a later study, Tenneti et al. (2016)
demonstrated a quadrant analysis of the particle acceleration–
velocity scatter data to extract the source and dissipation terms
corresponding to interphase TKE transfer in the particle kinetic
energy equation for statistically homogeneous monodisperse
gas–solid flow. That approach can be applied to the fluid phase
to quantify the interphase TKE transfer and dissipation rate
in both monodisperse and bidisperse gas–solid flows, thereby
providing valuable quantitative data for modeling these
terms.
The interclass TKE transfer terms are the sixth item in
the list of unclosed terms that need to be modeled. Finally,
the seventh item is the collisional dissipation that has been
closed for monodisperse flow under particular flow conditions
(Lun et al., 1984; Sangani et al., 1996; and Koch and Sangani,
1999). Nevertheless, a more general and accurate model that
is valid for bidisperse suspensions over a wide range of flow
parameters is needed.
As is evident, there are several unclosed terms in the set of
equations governing the mean momentum and kinetic energy
in bidisperse gas–solid flow which still require model devel-
opment. Therefore, no solutions are presented in this paper
to this set of equations. Nevertheless we discuss the poten-
tial outcomes of such solutions once such models become
available.
VI. IMPLICATIONS FOR PREDICTING SEGREGATION
AND MIXING PHENOMENA
The state of a homogeneous bidisperse gas–solid suspen-
sion may be characterized by Z =
{
〈u(sm)〉, 〈W(β,α)〉, k(f ), k(α),
k(β)
}
. With suitable closure models for all the unclosed terms
in hand, the evolution of the statistically homogeneous bidis-
perse gas–solid system can be examined in the phase space
(Z, Ż) to find the stable fixed point representing a steady state
solution Zss, which implies a level of segregation correspond-
ing to the mean slip velocity between particle classes. Note that
these solutions are parametrized by the physical properties that
define the problem, viz., [Zss; ρ(f ), µ(f ), φ(f ), ρ(α), φ(α), d(α),
ρ(β), φ(β), d(β), eαα, eββ , eαβ], where eχψ are the restitution
coefficients corresponding to inelastic collisions between par-
ticles of class χ with class ψ. With this information in hand,
we can construct a regime map in the space of physical param-
eters that informs the engineer or designer about the expected
level of segregation for a given set of input physical parame-
ters. This will provide much needed insight into the choice of
particles and flow parameters to optimize the desired perfor-
mance of devices and processes using polydisperse gas–solid
flows.
VII. CONCLUSION
In this study, we explain the coupling between the momen-
tum and kinetic energy equations in a bidisperse gas-solid
flow by introducing the extended conservation of interphase
TKE transfer principle. In a homogeneous bidisperse suspen-
sion driven by a body force or a mean pressure gradient, each
particle class experiences a different mean gas-particle drag.
This difference causes the development of different mean slip
velocities between the fluid phase and each of the particle
classes. In addition, this difference leads to a mean slip veloc-
ity between the two particle classes, which is associated with
the particle mass flux that is the signature of particle segre-
gation. Nevertheless, the mean slip velocity between the two
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particle classes does not increase monotonically. Instead, this
mean slip is hindered by the particle-particle drag arising from
particle collisions which leads to redistribution of momentum
and energy between the two particle classes. Therefore, the
mean slip velocity between the two particle classes reaches
a steady value. This interplay of momentum and energy
transfer reveals a complex coupling that can be analyzed by
deriving the conservation equations for the mixture kinetic
energy in the mean and velocity fluctuations. These equations
indicate that the interphase TKE transfer due to interphase
interactions in a homogeneous bidisperse suspension is con-
servative. Also the amount of power required to sustain the
mean slip velocity between the fluid phase and each of the
two particle classes is subtracted from the mean flow and dis-
tributed between the velocity fluctuations of the fluid phase and
the corresponding solid phase. Similarly, the power required
to sustain the slip velocity between the two particle classes is
subtracted from the mean flow and distributed between the
velocity fluctuations of the two particle classes. The parti-
cle velocity fluctuations directly influence the particle-particle
drag which in turn affects the mean slip velocity between the
two particle classes. In this analysis we considered elastic col-
lisions between smooth frictionless spheres and so excluded
rotational kinetic energy from the energy balance. Particle rota-
tional effects could be important in some real systems, but
these findings apply to systems where rotational kinetic energy
is negligible. Nevertheless, even this simplified problem pro-
vides considerable insight into the mechanism of energy trans-
fer in bidisperse gas–solid flow and it also provides a useful
constraint for verifying the accuracy of energy conservation
in PR–DNS of bidisperse suspensions where rotational effects
are absent.
The unclosed terms corresponding to the interphase and
interclass TKE transfer as well as the dissipation rate deter-
mine the partitioning of kinetic energy between the solid and
gas phases as well as the particle classes. The development of
accurate and predictive models for these unclosed terms that
incorporate the correct dependence on particle class properties
and flow parameters is anticipated. A promising approach to
quantifying these terms from PR–DNS is described. The state
of a homogeneous bidisperse gas–solid flow can be charac-
terized in terms of the mean velocities and kinetic energies in
the phases and classes, and this attains a steady value corre-
sponding to balance of the mean momentum and kinetic energy
conservation equations. The level of segregation implied by
the steady state solution can be parametrized with respect to
particle class properties and flow parameters to gain a better
understanding of segregation and mixing mechanisms in bidis-
perse and polydisperse flows. Such a regime map can also be
useful for engineers and designers working in polydisperse
multiphase flow engineering applications.
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Shankar Subramaniam would like to contribute this per-
sonal tribute to John Lumley.
I had the privilege of taking a course in turbulence from
Professor John Lumley when I was a graduate student at Cor-
nell in the 1990s. I also had the honor of having John serve
on my dissertation committee. In my turbulence class I could
sense that I was in the presence of someone who had an exten-
sive and profound knowledge of turbulence, but John’s lectures
were often like the cryptic aphorisms in the Upanishads, which
are the mystical revelations perceived by great sages. It must
have been difficult for him to share his insights with the novice
that I was, but he was always patient and kind even when pre-
sented with the most elementary questions. There was always a
remarkable twinkle of shared understanding and irrepressible
dry humor in his eyes behind those avuncular bushy eyebrows
and he communicated more through his eyes than he spoke in
words. He gave me prescient and excellent suggestions on my
dissertation topic in the few meetings that we had. John was
not a person whose time I felt was worth wasting, but the few
conversations we had were worth their weight in gold. In my
A examination, he stumped me with a question—“Describe
the flow around a potato!”—that was both charming in its
simplicity and yet designed to test the examinee’s creative
thinking. He was extremely generous and gentle in leading
me—a nervous and deeply ignorant graduate student—to the
right approach. After my B examination, he joked with me
about a ridiculous result I had come up with in my disserta-
tion draft, which I subsequently corrected thanks to my adviser
Professor Stephen Pope. I also know he was remarkably gen-
erous with his own graduate students, going as far as to pay for
their travel expenses from his personal funds when they mis-
placed the receipts they needed to present for reimbursement
from grant sources. His contributions to the field are of course
legendary and I have enjoyed several of his articles, especially
one on the importance of theory and its contrast with Ediso-
nian science which is prevalent in America. But what struck
me as another example of his generosity of spirit and expansive
vision was his editing the translation of Monin and Yaglom’s
classic texts on turbulence from Russian to English. It was just
another example of the work of a wonderfully gifted human
being who showed me that truly great intelligence goes hand
in hand with that generosity of spirit which is the mark of real
wisdom.
APPENDIX A: CONSERVATION EQUATIONS
FOR BIDISPERSE FLOW
Conservation equations for bidisperse flow are derived
from statistical approaches applicable to multiphase flow. The
principal statistical approaches used in gas-solid flow are the
stochastic point process (SPP) approach (note that stochastic
point process approach is not the same as the point parti-
cle approximation) and the random field (RF) approach (Pai
and Subramaniam, 2009; Tenneti and Subramaniam, 2014;
and Subramaniam, 2013). In the SPP approach (Subrama-
niam, 2000; 2001), the dispersed phase is represented in a
Lagrangian frame, while the carrier phase is described in an
Eulerian frame. In the RF approach, however, an Eulerian
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description is used to represent both phases. Pai and Subrama-
niam (2009) established the correspondence between the SPP
and RF approaches for non–collisional flows. The conserva-
tion equations in both approaches are derived in Appendices
B and C, and the correspondence of terms in the conservation
equations for statistically homogeneous bidisperse gas–solid
flow is established, thereby connecting the effects of average
momentum transfer between particle classes due to collisions
in the SPP and RF approaches.
APPENDIX B: ONE-PARTICLE DISTRIBUTION
FUNCTION APPROACH FOR DERIVING
GOVERNING EQUATIONS
The SPP approach (Daley and Vere-Jones, 1988 and
Stoyan and Stoyan, 1995) can be used to provide statistical
information corresponding to the state of particles in a gas-
solid suspension. The Liouville probability density function
(pdf) provides a complete statistical description of all multi-
particle events (Subramaniam, 2000; 2001). This detailed
multi-particle description of dispersed phase is not directly
usable in engineering applications. Instead, in practice, the
one-particle distribution function, or number density function
(NDF), which is a function of the sample space position, veloc-
ity, and radius at each instant of time is used to represent
the state of solid particles (Subramaniam, 2001). The one-
particle distribution function, which is the average number
density of particles in an appropriately defined phase space,
is the fundamental quantity of interest in the SPP approach to
multiphase flow (Tenneti and Subramaniam, 2014 and Subra-
maniam, 2013). For a polydisperse system, the one–particle
distribution function f (x, v, r; t) is defined in a position-




f (x, v, r; t) + ∇x · (vf (x, v, r; t))
+ ∇v · (〈Ah | x, v, r; t〉 f (x, v, r; t))
+ ∇v · (〈Ac | x, v, r; t〉 f (x, v, r; t)) = 0, (B1)
where ∇x and ∇v denote the gradient operators in the position
and velocity space, respectively. The term 〈Ah | x, v, r; t〉 is
the hydrodynamic particle acceleration conditional on position
and velocity and can be interpreted as the average acceleration
experienced by a particle with radius r and velocity v at posi-
tion x due to hydrodynamic (and other external) forces. The
term 〈Ac | x, v, r; t〉 represents the acceleration of a particle
due to interparticle interactions, in particular due to collisional
forces experienced on contact with other particles. In the above
transport equation, particle collisions are assumed to obey a
soft-sphere model with a finite overlap during the course of col-
lision. The duration of a collision is finite in this model, and it
is widely used in PR-DNS of gas–solid flow. This equation is
valid for arbitrary values of the particle solid volume fraction.
Note that the SPP approach only describes the particle phase
and in a gas–solid flow problem it needs to be augmented by
a representation of the gas phase, which is typically an RF
representation.
If a mesoscale time averaging of the soft–sphere model
is performed over a time scale that is larger than the duration
of each collisional contact but smaller than the time between
collisions, then collision events can be modeled as binary and
instantaneous. This leads to the Boltzmann model for a dilute
system of hard spheres immersed in a fluid (or the Boltzmann-
Enskog model for higher particle solid volume fraction, the
difference only appearing in the expansion of the two–particle
density in the collision integral). Note that in these hard–
sphere models, only the change in impulse can be defined for
an instantaneous collision, whereas in the soft–sphere model,
the particle acceleration due to collision can be meaningfully
defined. For monodisperse particles undergoing binary, instan-
taneous collisions in a fluid, the Boltzmann–Enskog equation
governing the one–particle distribution function (or NDF) in
gas–solid flow forms the basis of the kinetic theory of mul-
tiphase flow (Koch, 1990; Liboff, 2003; Garzó et al., 2007;
Tenneti et al., 2010; and Marchisio and Fox, 2013),
∂
∂t
f (x, v, r; t) + ∇x · (vf (x, v, r; t)) + ∇v
·
(〈
Ãh | x, v, r; t
〉





Ãh | x, v, r; t
〉
is the mesoscale conditional average of
the particle acceleration due to hydrodynamic forces, and
C is the collision integral that depends on the two–particle
density. The mesoscale conditional average of the particle
acceleration due to hydrodynamic forces
〈
Ãh | x, v, r; t
〉
in this
equation is the mesoscale time–averaged counterpart of the
corresponding term in Eq. (B1). A closure model for the col-
lision integral C results in a kinetic equation. In this paper,
we do not derive the conservation equations using the kinetic
equation but we note in passing that establishing their cor-
respondence with their soft–sphere NDF counterparts will
be a worthwhile exercise in a future study. Note that while
the soft–sphere NDF equation applies to all values of the
solid volume fraction, the kinetic equation is valid only for
dilute flows that respect the assumption of binary instantaneous
collisions.
The NDF f (x, v, r; t) for a polydisperse suspension can be
obtained from first principles using the Klimontovich approach
(Subramaniam, 2001). In a polydisperse particle system where
the particle size distribution is discrete, the NDF can be written
as
f (x, v, r; t) =
Nα∑
α=1
fα(x, v; t) δ(r − Rα), (B3)
where Nα is the total number of species, and fα(x, v; t) is
the NDF corresponding to the size class with radius Rα. If
the expected number of particles in any region B in [x, v, r;
t] space is denoted by 〈N(t)〉B, it is obtained by integrating





























being the expected number of particles from
αth size class in region B. The NDF does not possess the
normalization property of a pdf, which is the integration to
unity over the phase space it is defined over. If the NDF is
integrated only on [v, r] space, the expected number density



















where n(α)(x; t) is the number density of αth size class.
It is shown by Subramaniam (2001) that the NDF can
be written as the product of the number density in phys-
ical space and the joint probability distribution function
(jpdf) of velocity and radius conditional on physical location
as




n(α)(x; t) f cV,α(v | x; t), (B6)
with f cVR(v, r | x; t) and f
c
V,α(v | x; t) being pdf’s that sat-
isfy the normalization condition. By substituting the one-
particle density function in Eq. (B2) with the last term
in the above expression, the transport equation for a one-


























A(α)h | x, v; t
〉







A(α)c | x, v; t
〉










A(α)c | x, v; t
〉
are the conditional
accelerations on αth particle size class due to, respectively,
hydrodynamic and collisional forces. The collisional accel-
eration can be partitioned into the contributions from par-
ticles colliding with other particles in the same size class,〈
A(α→α)c | x, v; t
〉
, as well as contributions from colliding with
particles belonging to other size classes,
〈
A(β→α)c | x, v; t
〉
.
Applying this decomposition, and commuting the derivative
operators with the summations on particle classes, the evolu-






































Note that in the above equation, independent variables
[x, v, r; t] are excluded for the sake of simplicity.
1. Number density
The number density evolution equation is derived by






















































It is straightforward to show that the above equation simplifies

















f cV,α dv is the mean velocity of particle
class α.
2. Mean momentum
The mean momentum equation is obtained by multiplying





















































dv = 0. (B11)
Analysis, expansion, and simplification of the terms in the
above equation, although straightforward, are very tedious
(details are not included here). The final expression provides
the mean moment equation of the particle number density for
class α as










































is the mean velocity of particle class α, and




is the corresponding velocity fluctuation.
The term
〈
A(f→α)h | x; t
〉
on the right-hand side (RHS) of the
above equation is the hydrodynamic acceleration conditional
on spatial position arising from the fluid-particle interaction.
Similarly the last two terms on the RHS of the above equation
represent the mean collisional acceleration due to collisions
of particles in class α with particles of, respectively, the same
class and opposite class.
When Eq. (B12) is multiplied by the mass of a particle in
size class α, the equivalent mass-weighted mean momentum






































where ρ(α) and φ(α) are, respectively, the mass density and









collisional force due to interparticle interactions that is zero





is the particle-particle mean momentum
transfer due to interactions with particles of opposite classes.
In addition, the conservation of momentum transfer between










3. Transport equation for the total kinetic energy
The transport equation for the evolution of the total energy
in a particle size class is obtained by multiplying Equation






















































Similar to the mean momentum equation, the terms in the
above expression can be expanded and simplified. The final
form of the transport equation for the total energy in particle









































































respectively, the kinetic energy in the mean and velocity fluc-
tuations, and D̄ (·) /D̄t is the derivative of a presumed quantity















Note that D̄ (·) /D̄t is not the material derivative following the
mean velocity associated with the αth size class, which would




∂ ((·)) /∂xk , but it results in a more com-
pact equation. It is worth noting that expressing these equations
in terms of the material derivative following the mean velocity
associated with the αth size class explicitly shows the appear-




/∂xk involving the dilatation of
the mean velocity of particle class α, which is nonzero even
in incompressible gas–solid flow. It is also useful to rewrite
Eq. (B15) in the form of mass-weighted kinetic energy by






























































4. Transport equation for the kinetic energy
in velocity fluctuations
To derive the transport equation for the kinetic energy in
velocity fluctuations, the kinetic Equation (B8) is multiplied
with v ′′i v
′′
i , and then integrated over the velocity space. Here,
v ′′i is the sample-space variable corresponding to velocity fluc-
tuations. The steps to perform integration are similar to those
required to derive previous equations. The final expression for
the transport equation of kinetic energy in fluctuating velocity
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Also the transport equation for the mass-weighted kinetic
energy in velocity fluctuations is obtained by multiplying the





















































5. Transport equation for the kinetic energy
in the mean flow
The transport equation for the kinetic energy in the mean
flow can be obtained by subtracting Eq. (B17) from Eq. (B15),












































A similar equation for the mass-weighted kinetic energy in the












































APPENDIX C: RANDOM FIELD THEORY APPROACH
We now turn to the RF approach for developing the con-
servation equations. In the random field approach, the density
and velocity fields are defined at each point in the suspension
including the gas phase as well as the solid phase. This veloc-
ity field is considered to be a random field defined everywhere
for each flow realization. Phasic indicator fields (Drew and
Passman, 1998) are used to distinguish the presence of phases
from. The indicator function for phase ζ has the following
form:
I (ζ )(x, t) =
{
1 if x is in phase ζ ,
0 if x is not in phase ζ ,
which distinguishes phase ζ at (x, t) from other phases in the
domain. In this approach the indicator fields are also random
variables that change from one realization to another. Although
a complete description of the flow field based on multi-point
jpdf’s provides more information than needed for engineer-
ing applications, the simplest statistical description based on
single-point representation is more useful for practical analy-
sis. This single-point description leads to the two-fluid theory
in which both phases are considered as inter-penetrating con-
tinua represented in an Eulerian frame (Drew, 1983; Drew and
Passman, 1998; and Pai and Subramaniam, 2009).
To extend this representation to a polydisperse suspension
with Nc particle classes, an individual indicator function can
be defined for each class as I (ζ ) with ζ = 1, . . . , Nc, and ζ = f
denotes the fluid phase (ζ ∈ {1, ..., Nc, f }). Since the indicator
field changes from one realization to another, the indicator field
is itself a random field. The ensemble-average of the indicator
fields provides a continuous volume fraction for each phase,
and the sum of all volume fractions for a given space and time
is unity.
Two-fluid equations are derived by multiplying the pha-
sic indicator function with conservation equations of mass,
momentum, and energy followed by ensemble-averaging.
These equations are presented in Appendices C 1–C 6.
1. Definition of averages
Here we explain how averages or mean values are defined
in the SPP and RF approaches. Conceptually, the average in
both the SPP and RF approaches is defined over an ensemble of
events, where each event corresponds to a particle configura-
tion (microstate) represented by the locations of the centers
of spherical particles and their velocity and the associated
fluid velocity and pressure fields. Each particle configura-
tion corresponds to the same average solid volume fraction
and specified pair correlation function (macrostate). A single
realization of gas-solid mixture corresponds a member of the
ensemble of events that contribute to the phasic average. The
set
{
X(i), V(i), i = 1, . . ., Np
}
denotes the positions and veloci-
ties of a random configuration of Np particles that represents
a realization ω of a gas-solid flow in the event space Ω. Let
u(x, t;ω) be the fluid velocity field. The ensemble-averaged







I (ζ )(x, t;ω) ρ(x, t;ω) u(x, t;ω) dPω∫
Ω
I (ζ )(x, t;ω) ρ(x, t;ω) dPω
, (C1)
where Pω is the probability measure that is defined on Ω. In
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Now if the density in phase ζ conditional on the presence
of phase ζ is constant, i.e.,
〈
ρ | I (ζ ) = 1
〉
= ρ(ζ ), the mass-














= φ(ζ ) being the mean volume fraction of the
phase ζ . Fluctuations in the phase/class velocity are then
defined as departures of the instantaneous velocity field from





2. Conservation of mass
In gas-solid flows with no reaction at the particle surface,














By averaging the above equation, the conservation equation















3. Conservation of momentum
By assuming that there is no interphase momentum
transfer due to mass transfer, the instantaneous fluid-phase
























j δ(x − x

































j δ(x − x
(I)) + I (α)ρgi. (C7)
In above equations, n(f→α) indicates the normal vector at fluid-
class α interface directed from the fluid towards the particle
center in class α, while n(α→f ) represents the normal vector
at the same interface but directed in the opposite direction.
Similarly, n(α→β) represents the normal vector at the mutual
interface of particles of class α and β at contact directed from
the particle of class α towards that of class β. It is easy to
show that n(β→α) = −n(α→β). Also δ(x − x(I)) is a generalized
delta function that is only non-zero at the interface of any
two phases identified by the corresponding interface normal.
Ensemble-averaging of the above equations provides the mean
momentum equation for the fluid phase and the solid phase
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j δ(x − x
(I))
〉
is the mean fluid-particle drag





and is reconcilable with the gas-particle drag force in Eq. (B13)
obtained from the Lagrangian approach. Similarly, the term〈
σjin
(α→β)
j δ(x − x
(I))
〉
represents the mean momentum trans-
fer from class β to α due to particle-particle collision and





and is reconcilable with the particle-particle drag
obtained from the Lagrangian approach in Eq. (B13). Note
that the ensemble average of the term σjin
(α→α)
j δ(x − x
(I)) in
Eq. (C7) is zero because the net momentum exchange arising
from all colliding pairs of particles that belong to the class α
is zero.
4. Transport equation for the total kinetic energy
The conservation equation for the total kinetic energy
from is obtained by multiplying the instantaneous phasic equa-
tion with velocity and then perform ensemble-averaging. The
total energy equations in the fluid phase and particle class α







































































































































5. Transport equation for the kinetic energy
in the mean
In the Eulerian-Eulerian approach, the evolution equa-
tions for the mean energy in the fluid phase and each of
particle classes are obtained by multiplying the mean momen-
tum equations in Appendix C 3 with their corresponding
mean velocities, and then appropriately using the chain rule
and the conservation of mass. The results for the fluid





















I (f )ρu′′(f )j u
′′(f )
i










































































6. Transport equation for the kinetic energy
in velocity fluctuations
The evolution equations associated with velocity fluctu-
ations in the fluid phase as well particle size class α can be
derived by subtracting the mean energy equations obtained in
Appendix C 5 from those obtained for the total kinetic energy
in Appendix C 4. This process leads to the kinetic energy equa-
tions for velocity fluctuations in the fluid-phase and that of






















I (f )ρu′′(f )j u
′′(f )
i












































































It should be noted that the terms in the above equation are
reconcilable with those in Eq. (B18) which was obtained from
the Lagrangian approach.
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